ELECTROMAGNETIC WAVES

Now we will study electromagnetic waves in vacuum or inside a medium, a
dielectric. (A metallic system can also be represented as a dielectric but is more
complicated due to damping or attenuation for long wave-lengths. We will see
that the dielectric function in this case is complex valued).

We start with the more ssmple case of non conducting media

With the simplifications that the dielectric function and magnetic permeability
are constants with no spatial dependence we get in regions of no free carriers
or currents (V-D=0— V-E=0)
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Using therelation

Vx(VxC)=V(V-C)-V2C
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The same wave equation for B and E fields.
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The solution to these equations are

E(l‘,f) — Eoei(k-l’—a)l)

B(r,t) = Boei (ker—a)

where the amplitudes Eg and B, are constant vectors. These represent plane,

monochromatic, electromagnetic waves propagating in the direction k. The
amplitudes depend on one another both as regards the direction and size. (It is
assumed that one takes the real value of the fieldsto represent the real fields.)

To see this we return to what was said in the first lecture about Fourier
transforms: Fourier transforming differential equations has the following
substitutiona effects:
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Let us now use this in the wave equations;
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or

k=.&eu—=n— propagation constant Of wave number

c c
n=.&gu index of refraction

The same result is of course obtained if used on the B field. Let us apply the
procedure on Maxwell's equations
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V.E=0->ik-E=0
V.-B=0—>ik-B=0

VxE+ 1 0, kxE-i®B=0
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The first shows that both E and B are transverse. The third that also the fields
are orthogonal to each other and that k, E, and B form a right handed set of
vectors and that

Thisis aso consistent with the last of the equations.

For atravelling wave the electric and magnetic fields oscillate in phase. For a
standing wave, which is the superposition of two waves with the same
frequency but with k vectors in opposite direction, the phase relations are such
that the electric and magnetic fields reach their maxima 90 degrees out of
phase both in time and in space.
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The Poynting vector

S=“ExH=-""ExB

A A
= am —~_[Eq|Bo|cos? (k- r — wn)k
_ CJ:JZ; \Eo\z cos?(k -r — wr)k
47?77‘E0‘ cos?(k-r — ar)
where
n= %
€

Isthe wave impedance of the medium.

E
(S)= 87m‘ o\

9:4
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Convolution integrals

The constitutive relations are for homogeneous and isotropic systems expressed
as convolution integrals:

”d3r dte(r—r',t—1)E(r',r)

B(r.1)=[ [d dfu(r—r' i —f)H(r 1)
Similarly we have:

3" ety = [[a% dro(e—v ,1—1)E( 1)

P(r,7)= ”d3r' dta(r—r',t—1)E(r',1')

M(r,7) = ”d:)’r' dt y(r—r',t—¢)H(r',¢)

where the first equation is Ohm'’s law and the other two give the polarization
and magnetization of the system in the linear response regime in terms of the

dielectric and magnetic polarizabilities, o« and y, respectively. The polari-
zation and magnetization are related to the fields according to:

D=E + 47P
B=H+4zM

The convolution integrals have the nice property that their Fourier transforms
will be just the product of the two factorsin the integrand. Thus, we have

D(q,0) = &(q,w)E(q, )
B(q,®) = u(q,w)H(q, )

Jind (q,0) =0(q,0)E(q,)
P(q.0) = o(q,0)E(q,»)
M(q,w) = Z(q a))H(q 60)
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These last two equations mean that

£(q,m) =1+ 4no(q, )
(g, ) =1+ 4my(q, )

Another useful fact isthat the Fourier transform of the inverse to a correlation
function isjust unity divided by the Fourier transform of the function itself:

e ~H(q,0) =1/¢(q,0)

while

e Y(r,1) 2 e(r 1)
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COMPLEX REPRESENTATION

We have seen that it is convenient to represent oscillatory functions of time and
space by complex exponentials, with the "real” physical function understood to
be the real part of the complex function.

It is very useful when we have many functions all with the same space-time
factor expi(k-r-wr) but possibly with different phases. As we have seen the
differentiation and integration are reduced to multiplication and division. We
put the phase in the complex amplitudes, and the common space-time factor
[expi(k-r-wr)] can usually be cancelled out or ignored. This works since most
of the operations are linear, like addition, differentiation, integration and these
commutes with taking the real part. So we can perform all operations in the
complex plane and take real part at the end.

There is however an important exception: multiplication of two fieldslike in the
calculation of the Poynting vector does not commute with taking the real part.
The product of real parts of two complex numbers is not in general equal to
the real part of the product.

In general the result is very involved, but if we are content with the time-
average of the product we can by using atrick get away with asimplerule.

Let us have two functions
F(r)= Foe_iwt = ‘Fo‘eiae_iwt
G(t)= Goe '™ = ‘Go‘eiﬁe_iwt
Now,

(R F(1)]- R G(t)]) = |Fo| Gol((cosar coser + siner siner)
(coswr cosB +sinarsin f))
=|Fol[Go| 3 cod +(cx - B)]

=R Fy- Go| =Re3 Fy - Go |
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Thus in short hand notation the time-average product theorem becomes

<F'G>:>%F0-GO Z%FO 'GO

Discussion: Since we have (a-f) in the expression for the time average. the
spatial factor expi(k-r) in common for F and G is suppressed.

Applying this to Poynting vector gives

(S)= éEO x Hy [z éEB X Ho}

where

E = Eoei(k-r—a)t)

H= Hoei(k-r—a)t)

where Eq and Hy are both complex valued vectors.

This can also be applied to the time-averaged energy density for a plane wave
inalinear medium:

<%>:%(EO-DB+HO-BB)

1 2 2y 1 _»
=——|€Eq + UHy | = — €k
167r( 0TH O) 8r 0

We see that

(S) :g%ggﬁ:ﬁaﬁ:%af(: v(€)k



