DYNAMIC ELECTROMAGNETISM

Sofar we have only considered static fields produced by static charge and
current distributions. When the charge and current distributions are time
dependent the fields will be so too and the differential equations describing the
fields will now be coupled. We can no longer treat the electric and magnetic
fields separately; we must talk about electromagnetic fields.

For static fields in absence of free charge densities and carrier densities we
have:

Static fields, no free charges or current

N / .
E BN
O
curlE=0
O divD=0
O divB=0
) o
H BN
O
curlH=0

(In presence of free charge or current densities the cross for the D field or H
field, respectively should be erased.)
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Now, the absence of any free loops for the E field means that the field is
conservative and one may define a potential. The sameistrue for the H field.

For time dependent fields the situation is different. A time dependent B field
will produce free E field loops and the E field is no longer conservative.
Similarly a time dependent D field will produce free H field loops and the H
field isno longer conservative. Thisis called electromagnetic induction.

Dynamic fields, no free charges or current

Not only the fields are coupled when time dependence is taken into account.
Also the charge and current densities are coupled.

This coupling is expressed as the equation of continuity. Thiswe treat first.
Then we discuss the coupling between the fields and the new terms in
Maxwell's equations. Then we introduce the scalar and vector potentials.
Then the energy density in the electromagnetic fields. Finally we touch upon
Maxwell's stress tensor.

THE EQUATION OF CONTINUITY
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A basic assumption in physics is that charge is conserved. It has also been
verified experimentally.

Let us study a fixed volume in space. The net outflow of current from this

volume has to be equal to minus the rate of change of the charge in the
volume:

__%9__4d __§ 9
EfSJ-nda— i Vpdv- §thdv

The divergence theorem gives

E’;V div]dv =— Eﬁvcfl—fdv

Thisholds for an arbitrary volume and hence:

div] + % =0 Equation of Continuity

The relation is true for bound quantities, for free quantities and for the total
quantities.

Thisis analogousto Kirchoff'slawsin eectronic circuit theory.

i i3 =11 +1p
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ELECTROMAGNETIC INDUCTION

dd
EMF = _1dPy Faraday's law
c dt
where
EMF = EETE -dl electromotive force
D, = JSB -nda magnetic flux linking the circuit
r
Lenz's law:

The current produced by the EMF isin adirection that opposes the change of

the flux through the circuit.

The rate of change of the flux can be due to the movement of the circuit, the

changein the field or due to a combination of both.

If it is dueto the change in field we may use Stoke's theorem:

1: JB :
JS curlE - nda = — - jS > nda S arbitrary
1JB , : .
curlE = —— o Faraday's law (differential form)
c
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MAXWELL'S MODIFICATION OF AMPERE'S LAW

Ampeére's law for steady-state conditions:

4
curlH = "7 Ji oo
C

has to be modified in the case of time dependent fields. This is obvious from
taking the divergence of this equation. The left hand side vanishes with the
result that the divergence of the current density should vanish in contradiction
to the equation of continuity.

Thus we have to add atime derivative of afunction on the right hand side:
A
curl H(r,?) = — J¢ree(r,?) + F(r,1)
Cc

Let usfind out what F(r,t) should be to satisfy the equation of continuity. Take
the divergence of the equation,

0=V . Ji oo(r.) + V- F(r.1)
C

The equation of continuity then gives

A 0

V-F(r,1) =T§Pfree(r1f)

and from Gauss' law

4 d 1 1 %
V-F(r,t) = 7§EVD(I',Z) = EV[&D(I’,[)}

The smplest choiceisthen
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and

curlH =

10

Jfree"‘__D

c ot

curlH = %(Jfree +Jq)

where the displacement current is

Ampere's law

curl B = 4—ﬂ(Jfree + % + ccurle
c

10E
+__

c

Thus we had along aloop, real or imagined:

1d
$ wﬂz—;EL?1Ma=

Now, in vacuum we also have

1d®,,

c dt

Maxwell induction

8:6
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MAXWELL'S EQUATIONS

Macroscopic form

V-D=47Tpf
V.-B=0
1JB
VXE+=—=0
% c ot
1D 4rn
VxH-=-"—=—"
c ot ch

Microscopic form

V-B=0

1JB
VXE+=—=0

c ot

10JE 4rn
VxB-=-"—=—"

c ot c I

The index f indicates free charge or current densities while ¢ denotes rotal.
The free densities include external densities and internal unbound densities.

The external charge densities are charges that are not part of the materials but
added. It may be impurities in the bulk of a semiconductor or charges at the
surface of a charged sample. The external currents can be currents in circuits
that we bring into the system in order to study the response to external stimuli.
The internal densities are freely moving charges in metallic systems that can
accumulate in regions of the sample and give rise to currents when set in
motion.

This division is one of the standard divisions and is used in the text book. |
myself prefer to make another division which is useful if one makes a more
realistic treatment of metals, taking the finite conductivity and dissipation into
account. | will follow the text book in the course in most situations. When |
don't | specificaly tell so.
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If we treat the metals in the same way as we treat dielectrics the macroscopic
Maxwell's equations will ook the same as before but the densities will now only
include external ones. This means that the D and H fields are now different.
The dielectric function and magnetic permeability are different, including the
response from the free carriers in the metal. We should remember that these
fields are not real, measurable functions. The real functions are the E and B
fields. This becomes obvious here. The D and H fields depend on our book

keeping.



Bo E. Sernelius 8:9
POTENTIALS

L et us now start from the two homogeneous MESs. The first equation,
V-B=0

isfulfilled if welet

B=VxA

L et us now make use of thisrelation in the second of the homogeneous MEs

10A
Vx[E+=2 =0
X( * ar)

C
Thisisfulfilled if what isinsde the parenthesesisthe gradient of a scalar.

Thus for a choice of potentials the fields are obtained from the relations

E=-vp_1%

c ot

B=VxA

We still have a rather large flexibility to choose the potentials to fit our
particular problem, but a change in the scalar potential has to be accompanied
by a change in the vector potential and vice versa. Let us assume that we have
made a choice of A and .
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Adding agradient of a scalar function to A will not change B. We are allowed
to change the potential s in the following way:

A—>A'=A+VA

10A
O D=2
c ot

These transformations are called gauge transformations. The fields, the real
quantities, are not changed with such transformations; only the potentials, the
auxiliary functions, are.

Let us now turn to the remaining MESs, the inhomogeneous ones. For
simplicity we assume vacuum, or use the microscopic version. We have

V-(VCD+E%AJ =—4np

c

1Vod 1 %A 4n
VX(VxA)+= + = =—
x(VxA) c ot 2 o2 c

which may be rewritten as

V2o +19(v. A) = —anp

c

1Vod 1 9%A 4n
V(V-A)-V?A+= S22
( ) +C ot +C2 atZ c J

and after rearrangements in the second one we have

V2<D+1£(V-A) = —4np
c ot

2
VZA—iZ&)—ZA—V(v-A+1@)=—4—”J
¢ ot c c

These are two coupled differential equations; each of them contains both A and
®. They can be decoupled by proper gauge transformations. In Coulomb
gauge Or transverse gauge we choose
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V-A=0

With this choice the vector potential is purely transverse and the scalar potential
satisfies Poisson’ s equation:

V20 = —4rp

This means that the scalar potential is instantaneous. There are no retardation
effects for the scalar potential. So if for example someone on the moon were to
play around with some charges, the potential would here on earth change
according to this immediately, without any time delay as if information could
be transferred faster than with the speed of light.

We will now get rid of the scalar potential from the equation for the vector
potential. Let us take the time derivative of Poisson’s equation. We have

oD ap
V(v =4 P
( azj "o

The equation of continuity, is valid for the free charge densities and currents,
for the induced quantities, and for the total ones. Thus we have

V-(V%):er-J

This means that the longitudinal parts of V o®/dr and 4] are the same. Since
thefirst is purely longitudinal, in the present choice of gauge, we have

od
V§:47ZJL

We have divided the external current into transverse and longitudinal parts:
J=J,+J;

V. JJ_ =0

VxJ; =0
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8:12

Thus the decoupled differential equations for the potentials are

V2¢:—4rcp
2
va- LOA_dny,
5’[ c

Coulomb gauge

Another common gauge isthe Lorentz gauge.

In this case we put

VAlgq)O

c ot
and get

2
o L7y

VZA_iaz_A__A'_”
2
c

a’ ¢

Lorentz gauge
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ENERGY IN ELECTROMAGNETIC FIELD

We start from the two curl equations

1dB _
cor
17D Viy 5
N _vyxH-
c ot % c Jf

-VxE

We multiply the first with H and the second by E and then add them together:

}(H@_FE@):—ﬂEJf—(HVXE—EVXH)
C

c ot ot
V(ExH)

Assuming linear system so that there are ssmple constitutive relations between
the H and B fields and between the D and E fields we have

Jdl 1 c
2| ~HB+E-D)|=-E-J;-—V-(ExH
81[8%( " )} Iy A (ExH)

=-E-J;-V-S

where we have defined

S= " ExH Poynting vector
4

Now we integrate the whole expression over afixed volume and find

d[ 1
jvg[a(H'B-i_E.D)}dv—i—IVE.dev+J.VV.SdV=O

%IV[%]dv +jVE-dev +§Ss-nda =0

Thefirst term is the rate of change of the energy stored in the fields within the

volume.
The second terms is the work produced by the fields on the free chargesin the
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system. The energy transforms into kinetic energy or joule heat.
The last term is the energy leaking out of the system through the surface of the
volume per time unit, i.e., the power leaking out of the volume.

Discussion:

What we have said about book keeping has effect here as well. The separation
of these termsis not universal.

Had we used the microscopic relations the total current had appeared in the
second term, for example. Then the second term had also represented energy
stored in the oscillating bound charges (virtual excitations); This energy given
away or taken back; It may go in both directions. If the frequency of thefield is
right real electronic excitations of the atoms may aso occur and then thereisa
real loss of energy in analogy with the Joule heat.

Had we used the other method of book keeping in a metallic system only the
external current density had appeared in the second term and the energy lost as
Joule heat or for speeding up of the conduction electrons is now stored in the
modified energy density of the fields. Also the Poynting vector is modified but
the conduction e ectrons have very small magnetic effects.
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THE MAXWELL STRESS TENSOR

Apart from the energy density of the fields there is a momentum density. One
can show that:

V. (—T) + &gﬂeld - _ 8gmal‘ter
ot ot

where g 4014 and g1, are the respective momentum densities for the fields
and matter:

1 1
g field ETM(EXB)ZC_ZS

and

8gmatter =pE+1JXB
ot c

and T isthe Maxwaell stress tensor:

T, = %[(EiEj +B,B;) —%(E2 + BZ)Slj]



