Problem:

Calculate the potential and electric field when a charge distribution
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is placed the distan@eabove a grounded metallic plate in #trplane. This
is a two-dimensional problem. The charge distribution and boundary condition
do not depend on thevariable.
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We will here use the inverse of the transformation, just discussed, and modify it
slightly so that the transformation maps the center of the cylinder of radius
unity at a distanca above thas-axis (The transformation we had mapped
the center a distance unity above the axis). We have
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w=I _
z+ia
and
Z=-i (w+1i)
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The problem when the charge distribution is placed along the cylinder axis of a
cylinder of radiug is simple to solve. We can use the integral form of Gauss

law.

fSE [da = 470en|

We have
E2rrdz = 4 mqdz

and
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The potential is

Or O
P(r) - d(rp) = 20 InErEE
With our boundary condition and radius we have
®(r) = =20 In(r)
or
®(u,v) = -0 In(u2 +v2)
To find the potential in our given geometry we just use the transformation
d(x,y) = -0 In[u(x, y)? +v(x, y)2]

where
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_;z-ia_. x+i(y-a) =i[x+i(y—a)][x—i(y+a)]
z+ia x+i(y+a) x2+(y+a)2

2ax+i(x2 +y2 —az)

x2+(y+a)2
and
2ax
u(x,y) = ;
() x2+(y+a)2
2 2 2
X +vy° —a
v(xy) == Y 5
2 +(y+a)

Our potential is

%( +y* +a% +2x%y? +2x%a? -2y%a?
®(x,y) = -0y Ing
: [ +(y+a]’
1+ v-°3
= —O'| In
E.qxz + y+a)2] B
The electric field is obtained from this
E= 402 (2yx y2 - x2 —az)
2 ]

(x2 +y2 + a2)2 - (2ya)

IR
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The potential:

To get level curves for the potential and the electric field lines one could use
polar coordinates in the~plane,

u=rcos9) ;
v=rsin(¢)

and letr or ¢ be constant
respectively, and useandy expressed im andv.
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We have
2au
x(u,v) = :
() u? +(1+v)?
) a(l—u2 —v2)
uVv) =
A u? +(1+v)2
or

X(r.9) = 2ar cos(9)

r? +1+2rsin(¢)

—r2
Y(r,¢)_ a(l )

12 +1+2rsin(p)

6:5
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Discussion

We have to be a little careful with the transformations when we have
charge distributions. In the problem we just treated we had a grounded plane.
This means that the charge of the plane or of the cylinder is equal but with
opposite sign to the original charge, the line charge. This means that there is no
field outside the mapped regions (outside the cylinder or below the plane) If
instead we had given the plane a constant, non-zero potential there had been
fields in those regions. In the mapping we bring the point of infinity into a finite
position. The electric field has zero divergence in charge free regions and all
field lines start or begin at charges. If we have a single charge present the field
lines start at the charge and end up at infinity or if the charge is negative the
field lines start at infinity and end up at the charge. For a charge distribution
with a net charge we may imagine that there is in total the same amount of
charge at infinity but with opposite sign. When we now bring this point to a
finite position we have to bring this "apparent” charge with it. We should be
careful not to include the part containing infinity or the region where infinity
has been mapped on a finite point in our region of interest. In the problem we
have studied, but with a non zero potential at the boundary, the mapping of the
infinity would produce a mirror charge below tkeplane. The fields and
potentials above the plane would still be valid, but not the ones below the plane.

Another problem we should address is the potential from a line charge.
We have problems finding a suitable constant for the potential so that it is zero
at infinity and finite for finite distances. This is because of our mathematical
construct of a line charge that extends to infinity at both ends. A real line
charge would have finite extension and the potential at large separations from
the charge would approach infinity in the same way as that from a point
charge. If the net charge is zero the potential approaches infinity as that from a
dipole.

Another difficulty is that the geometry of an infinite flat plate is highly
unstable. If we bend it a little bit to a cylinder or sphere with almost infinite
radius then suddenly one of the sides of the plate becomes the interior of the
cylinder or sphere and any excess charge is redistributed to the outer side of
the plate and the fields are no longer symmetrical with respect to the plane. The
transformation we have used favors this bending.
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Another problem is that we have to be careful because the transformation does
not conserve area. We have stepped outside the bounds a little bit by using
charge densities. Without saying so we scaled the charge distribution in such a
way that the total charge was conserved in the transformation.

One may show that the following holds:
If a functionp(x,y)satisfiedPoisson's equation

02 2
o Tap TS

)

and we use a conformal transformation
z= f(w)
Then the transformed function satisfies the followRaogsson's equation

02p

2
2 + % = S(X(U,V), Y(U'V))| f (w)|2

The electric field cannot be directly transformed either. Instead we have:

lgrad p(x, y)| =|arad p[x(u,v), y(u, V)]

«
0z

We compensate for the change of scale.



Bo E. Sernelius 6:8

Stray fields of a plate capacitor

Iy Iy
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We want to determine the stray fields and potentials at the edge of a plate
capacitor. We start from a geometrical configuration of an ideal plate capacitor
where the plates extend to infinity in the two directions. In this case the

potential is given by

Thus it is apart from a constant factor equal to the vanabi¢e will make a
conformal mapping ending up with the configuration given inuwglane
above. The following transformation does the trick:

w(z) = %%+e§zg+ V4

w(x xia) =%%—e§xg+xtia

The plates in thay-plane have been folded back on themselves iruthe
plane. The liney=a is mapped ontw=a, u<0, y=-a ontov=-a, u<0 and
the stripe a<y<a is mapped onto the-plane.
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We are now ready to find the potential in the new configuration:
o(uv)= 2 y(uv)

It is however difficult to find the inverse to

f(z) =2l +eaHsz

We will be content to find the level curves for the potential, the equi-potential
curves, and the electric field lines.

Since
z=x+iy =F(w)

and if the functiorF is analytic the function(u,v) and y(u,v) are conjugate
harmonic functions. Their level curves are orthogonal. Since the electric field
lines are orthogonal to the equi-potential lines the level cur{asy) = ¢, may
represent the field lines.

Now,

- o(xH i
u(x,y) = Re%%+ea(x y) %+ X+iyg

TKX
=a Adag I
_7T+X+ nea cos(ay)

and

_ TI(X+i -0
v(x,y)—lmé%%ﬁea(x Iy)E+x+|yg

= y+7—6_‘[e% sin(gy)



Bo E. Sernelius 6:10




