LAPLACE'S AND POISSON'S EQUATIONS

V20 = —4rp Poisson's equation

In regions of no charges the equation turns into:

V2D =0 Laplace's equation

Solutions to L aplace's equation are caled Harmonic Functions.

Properties of harmonic functions
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Principle of superposition holds

A function ®(r) that satisfies Laplace's equation in an enclosed volume
and satisfies one of the following type of boundary conditions on the
enclosing boundary is unique.

the value of the function is specified on the whole boundary (Dirichlet
condition).

the value of the normal derivative, n-grad®, is specified on the whole
boundary (Neumann condition).

the @is specified on part of the boundary and n - grad® on the rest.
If ®(r) satisfies Laplace's equation in aregion V, bounded by the surface

S, @ can attain neither a maximum nor a minimum within V.
Extreme values occur only at the surface

Discussion: If the potential is constant on a boundary of a volume not
containing any charges the potential has the same constant value within the
whole volume.
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SOLUTION OF LAPLACE'S EQUATION WITH SEPARATION OF
VARIABLES.

There are eleven different coordinate systems in which the Laplace equation is
separable. We will here treat the most important ones: the rectangular or
cartesian; the sphericd; the cylindrical.

The geometry of a typical electrostatic problem is a region free of charges
bounded by a surface of a given geometry. It can be of rectangular box type,
spherical, cylindrical or of some other type. The standard method then is to
choose a coordinate system in which the boundary surface coincides with the
surface where one of the coordinates is constant.

In the specia case of a 2D configuration, where the bounding surface and the
boundary conditions on the surface only depend on two variables, one may use
conformal mapping to go from one geometrical shape to another.

Other situations are too complicated to solve by these methods. Then one has
to rely on purely numerical methods, like solving finite-difference versions of
the Laplace's equation, finite element methods (FEM) or some other method.
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RECTANGULAR COORDINATES

2D 0 %D
5>+——%+—>5=0
ox dy oz

Assume we may write
D(x,y,z) = X(x)Y()Z(z)

2 2 2
YZd §+XZd §+XYd—ZZ=O
dx dy dz

Note that the derivatives are no longer partial.

1d°X 1d°%v 1d°Z _

— +—= +—= =0
X ax® Ydy? Zdz?

The first term depends on x only, the second on y only and the third on z
only. The equation can only be valid if each of the termsis a constant:

1d%°X .
— =
de2
1d%y .2
=S =P
Ydy
idZZ_ 2
Z 4.2

Since we are considering the electrostatic potential it isreal valued. This means
that all these squares are real valued, but the last relation shows that the
constants themselves cannot all be real valued, neither can they all be

Imaginary.
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We can only have the following cases

ad two red, oneimaginary

b) onerea, twoimaginary

C) onereal, oneimaginary, one zero
d) threezero

An imaginary separation constant leads to an oscillatory solution while a real
valued leads to an exponential.

Let usarbitrarily let o and ' be imaginary:

o?=—a?
2_ p2
Bo=-p
ye=y?

o, fand yare all real valued.

2
d §+a2X:O
dx

2
d—§+[32Y:O
dy

2

dz

y2=a?+p?  y=voP+p?

X(x)= Ae'® 4 Be™1¥
Y(y)= Ce'® + pe™PY
Z(z) = Ee** + Fe™F
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The complete solution is

D(x,y,2) = X(x)Y(y)Z(z)
i(A,,eiarx + B,,e_iarx )(Cseiﬁsy + Dse_iﬁsy)

r,s=1

. (ErSeYrsZ + Frse_YrsZ)

Short hand notation:

(I)(x,y,z) - eiio&xeiiﬂyeiyz

All the constants will be determined from the boundary conditions of the
problem.
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SPHERICAL COORDINATES
1 9( 20D 1 9(. ob 1 9%
VZCI):——(r )+ —(sme )+ =0
r2 or or) r?sing d6 d0) r?sn?6 8(p2

O(r,0,¢) = R(r)P(6)Q(p)

2
zii(”Zd_R)Jr 2 1. ‘i(gned_Pj+ 2 1 2 ’ gzo
r“Rdr dr) r“Psing db d0) rcQsin“0de

multiply with r2sn?6:

 Qdg?

sinzed(zde siné d(. de 1 d%0
—|r"— |+ ———=| 96— |=
R dr dr P dé do

The left-hand side depends only on » and 6, while the right-hand side depends
only on ¢. Thus the two sides must be a constant, m2.

dZQ 2 +i
=2 +mQ=0; Qp)~e™™? ; m=012...
dgo2

Note: If the physical problem limits ¢ to a restricted range m can be a non-
integer.

Now we return to the left-hand side and rearrange the terms:

1d(2dR) 1 d(. dP) m?
e P L (P Rl
Rar\' ar PSinG do d9) sin?e

The new left-hand side depends only on r and the right-hand side on only 6.
Thus, they must be a constant, /(/+1).
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We get

i(rzd—Rj—l(Hl)R:o

dr dr

and

1 d(. .dP m?
_——(sme—)+ (l+)-———|P=0
sin@ deo do sin“ 6

To solve the first, we make the ansatz: R = Ar® and obtain the two solutions
 and ~(1+1). The general solution isthen

1

[
Rl(r)zAlr +Blﬂ
r

For the polar-angle function P(6) it is customary to make the substitution

_ 1 d d
cosd—>x ;| ————>—
snf do dx
Thisgives
i[(l—xz)d—P}+ I(1+1)— m’ P=0
dx dx l—xz

We will first limit ourselvesto axial or azimuthal symmetry.
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Axial symmetry

2
(1—x2)d—§—2xd—P+1(1+1)P= 0
dx dx

4:8

Legendre's equation

Note that if x=t1 are excluded from the problem / may be non-integer.

The solution isthe Legendre polynomial of order I: P;(cos6)

Thus we have the general solution to Laplace's equation in spherical
coordinates for the specia case of axial symmetry as.

[e ]

d(r,0) = Z[Alrl + B, rl—il}PZ (cos6)
1=0

The Legendre polynomials can be obtained from

or from the generating function

1

k)= (1—2x,u+,u2) =0

or from recursion relations such as:
(1 +D)Pg(x) = (204 xP (x) — Iy (x)
or

(1-2) M = _1xp () + 1R ()
dx

2= Su'A)

Rodrigues' formula
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The polynomials form a complete, orthogonal set of functionsin the domain
-1<x<1 (0<6<n)

()= 3 AR ()

[=0

Al=21

+1 1
5 | FR ()
-1
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General case, no axial symmetry.

In this case we have in general a non-zero m value and the differential equation
for P is more elaborate. The Legendre polynomials are replaced by the

associated Legendre polynomials, le(COSO). For a given [-value there are
2[+1 possible m-values. m =0, £1, £2,, £3, ...

Thereisamore general Rodrigues' formula for these functions:

P (x)=

(_l)m (1_ xz)m/z dl+m

(x2 —1)l ; (S m<H+])
2l dxtm ’

For any given m the functions P"'(cos6) and P;"(cos6) are orthogonal and

the associated Legendre polynomials for a fixed m form a complete set of
functionsin the variable x.

The product of A" (x) and ™9 forms a complete set for the expansion of an

arbitrary function on the surface of a sphere. These functions are called
spherical harmonics.

20+1(I—m) -
Y™ (6,0)= P (cos@)e™?
" (0.9) \/4;: (+m) ! (cos6)e

They are orthonormal

[, X" 0" *(6,9)d

2r T . :
= JO d(pJ.O S|n9d9Ylm (9,(p)Yl.m * (9,(/)) = 511' 5mm’
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o ]
f8.0)= 2, >.C"Y"(6.9)

[=0m=-1

and

=], 1.0 (6.9)d0

The general solution to Laplace's equation in terms of spherical harmonicsis

o ]

1
®0.0)-3 3 |l 45 100
I=0m=—I r
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CYLINDRICAL COORDINATES

19( od\ 1920 9%
V2%p==2[, 2, 122 72
ré’r(r 97j+r2 902 9.2

®(r,0,2) = R(r)Q(6)Z(z)

1 4 (rdR(r))+ 1 sz(9)+ 1 d%Z(2)

=0
rR(r) dr dr er(Q) 0%  Z(z) dz?

r d(rdR(r)j_l_ 2 d?7(z)__ 1 d%0(6) _ o

R(r) dr dr Z(z) dzz Q(0) d6?
2

d—g + nZQ =0

do

Q(0) ~ M0 =012, (n may sometimes be non-integer)

ii(,,d_R)_ﬁ 1d’z__ 2
rR dr\ dr r

2
d—ZZ—kzzzo
dz

4:12
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Cylindrical symmetry and Cylindrical Harmonics

Then we may let k vanish and

d( de—n2R=0

r—| r—
dr\  dr

The n = 0 term has to be treated separately

A0+Bolnl’, (n=0)

R(r) = Anrn+Bnin, (n=2123..)
r
Co|+Dgf|, (n=0
Qn(9)={ ol o0} (29
C,, cosnf+ D, sinnf, (n=12,3..))

General solution in cylindrical coordinates with no z-dependence.

d(r,0)=Ag+Bylnr+ X [Anr” + B, i}[cn cosnO + D, sinnf)|

n=1 "

r

Theterms are called cylindrical harmonics.
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No cylindrical symmetry and Bessel functions.

Now, we have to keep the constant k in the differential equation for R.

ri(rd—RJ + (k2r2 — nZ)R =0
dr\ dr

To solve this one usually makes the substitution

u=kr ; izki
dr  du

Thisleadsto Bessel's equation:

2
u2d §+ud—R+(u2—n2)R:O
du du

The solution to this equation is the so-called Bessel function of order n, J,(u).
J_,(u) isaso asolution. These are linearly dependent for integer orders but not
for non-integer orders.

One usually introduces another function instead of J_,(u), the so-called
Neumann function or Bessel function of the second kind, N, (u).

J,(u)cosnrmw —J_,(u
AP EEACL. L aXEN

Genera solution to Bessdl's equation may be written as
R, (kr)=A,J,, (kr)+ B,N, (kr)

J,(u) isregular at origin and at infinity.
N, (u) isnot regular at origin but at infinity.
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The general solution to Laplace's equation in cylindrical coordinates can be
written as the Fourier-Bessel expansion:

®(r,6,2) Z[Aan P)+ By Ny (k) |10 e

Other useful properties of the Bessel function
Let k,,po be the mth root of J, (kr), i.e., J, (k,,p) = O.

Then J, (k,,r) form a complete orthogonal set for the expansion of a function
of rin theinterval 0<r<p.

=Y Dypdn(ky,r)  (foranyn)

m=1
Fourier-Bessel series

D, = k r rdr
p Jn+l mp J'O

analogous to the Fourier transform.
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Discussion: If we had chosen +k2 instead of -k2:

1 d( dR) n>  1d°zZ 5

——|r—|-—=—-=—5=+k

rRdr\ dr) 2 Z dz2

The z- dependence had been plane waves instead of exponentials and the r
dependence had been found as solutions to the modified Bessel equation:

2
u2d §+u§—(u2+n2)R:O
du du

with the modified Bessel functions I (1) and K (u) as solutions. The first is
bounded for small arguments and the second for large.

Thus, an alternative expression for the general solutionis

(D(F,Q,z) - Z[Amnln (kmr) + By Ky (kml’)]eiineeiikmz

m.n




