PLANE WAVES IN CONDUCTING MEDIA
We will now change the book keeping of the charge and current densitiesto be
ableto treat metalsin amore realistic way.

Let us return to Maxwell's equations:

V-D=4np ;= 4Anp,y + 47P,

V.-B=0
VxE—_1%B
C
1JD A4rn ar 1JD
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where we have divided the densities in external and those due to the
conduction band €l ectrons.

Now we express the equations in terms of the true fields and add magnetization
currents to the conduction currents. The magnetization currents have both spin
(paramagnetic effects) and orbital parts (diamagnetic effects). Neither of these
are destroyed by electron collisions. These currents have very small effects.

V-E=dnp, =4np, . +471p, +47p,

V-B=0
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We introduce new auxiliary fields, Dand H,

D=E+47P, =¢E; D=E+47P, +47P, = ¢E +47P, = £E
H=B-47M, =B/u; H=B-47M, —47M_=B/u—4zM_=B/]i

and we may write

V-D=4np
V-B=0

ext

Let us now change into the Fourier transformed version and make use of the
congtitutive relations:

i#(a,0)a-E(q.0) = 47p,,, (a0
iﬁ(q,w)q~fl(q,w)=0

: R e ~
quE—zwcu(q,w)H(q,a))

axii=""y, (q.0)-i08(q.0)  E(q.0)

Let us now determine the modified, or extended, dielectric function. The
equation of continuity is

dp
P iv.1=0
>V

This equation is valid for the total densities, or for the separate parts of the
densities. Let J. from now on denote the polarization current. Then in
particular:

J
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The Fourier transformed version is
—iop.(q,0)=-iq-J.(q,0)

We are aso helped by Ohm's law:
J(q,0) = 0(q, )E(q,0)

and thus

p(q.0)= %q-Jc(q,w) = G(g;w)

q-E(q,0)

We may eliminate the charge and current density due to the conduction band
electrons from Maxwell's equations

#ol10)y wgo)

ie(a,0)q-E(q.0) = 47p,,, (a.0) +
i[t(q,a))q-l:l(q,w):o

: U ~
quE—za)cu(q,a))H(q,a))

iqxH = ME(q,w)+4—n

. 1
c Jext (q’w) B za)s(q,a))zE(q,a))

and identify

£(q,) = £(q,w) +i4no(q,m)/©
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Thus we may write Maxwell's equationsin the form:

V-D=4np,
V-B=0

Vsz—la—B

c ot

- 4r 10D
VxH=-"J  +-"—
c & ¢ o

where now the constitutive relations are

D(q.0)=2(q.0)E(q,0); B(q,0)= fi(q,0)A(q,0)

Let us stay with the Fourier transformed versions of Maxwell's equations in
absence of external charge and current densities, operate with q x on the two
last equations and use the relation

Ax(BxC)=B(A-C)—C(A-B)

We have the following starting equations where we have eliminated an i in all
equations

é(q,a))q-E(q,a))zo
f(e.0)q-H(q.0)=0

qxE= w%ﬁ(q,w)fl(q,w)

ax fi=-0¢(q.0) E(.0)

If we first assume that the dielectric function and magnetic permeability are
finite, non-zero we have ( then the E and H fields are purely transverse):



Bo E. Sernelius 11:5

~E(q-q)=q(q-E)-E(q-q)

- [qx(qu):w

(_

Q|

ﬁ(q,w)qxﬁ(q,w)}

il0.0)|-0(a0)  E(0.0)

%

o |-

=m
or
(iq)” E-(io)’ %E - iw‘”z%lz -0

The other equation gives

Thus for a specific Fourier component we have the two differential equations:

~ D -
VQE_%g E_47t0'ué’E:O
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Discussion: We have at severa occasions mentioned that the smple constitutive
relations are not valid in general. We should have convolution integrals instead.
However, if we have a specific Fourier component of the field with a specific
frequency and momentum the Maxwell equations are valid and the dielectric
function, magnetic permeability and conductivity should be the Fourier
transforms at those specific frequencies and momenta.

Before we continue with the solutions to these two wave equations let us
briefly return to the first two Maxwell's equations:

é(q,a))q-E(q,w)zo
f(a.0)q-H(q.0)=0

These have solutions, not mentioned in the text book. These are longitudinal
solutions and they are found by putting £(q,0)=0 or [L(q,w):o,

respectively.

Thefirst type gives plasmons, longitudinal phonons or some other longitudinal
excitation, all dependent on the system we are considering. The other gives
magnetic excitations like magnons or spin waves.

L et us now return to our transverse solutions. The wave equations are valid for
solutions that are plane waves that vary harmonically in space and time. The
last equation is also valid for the magnetic inductions. We may just multiply all
terms in the equation with the magnetic permeability and find the identical
equation for the B field.
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Let

E= Eoei(k-r—wt) :

B= Boei(k-r—a)t)

Put thisinto the equations and find

e~ D .
k2 _ o Eoez(k-r—wt) —0

2

c

2 5‘,11(02 i(k-r—a)t)

2

c

and from this

? ?

~~ D ~ 2 ~ 2
kz_eua) _ o [8+i47t6]:£ua) (1+i47wj
0] EW

C
Thus the propagation constant, the wave number, k, becomes complex val ued:
k=a+ip

and the spatia variation becomes:

ok _ ikrcoso _ eikg“ _ e—ﬁg“eiag“

The wave decreases in amplitude as it propagates and the wave is damped.

Assuming that € and o are real valued, which they in general are not, we get
therelations for oc and 3 given in equation (5.75).

We may write the propagation constant as

k=i

; =AM, complex index of refraction

c
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Now,

BO = ﬁl’; X EO

If we have a complex refractive index the electric and magnetic fields are no
longer in phase. If the refractive index is large the magnetic induction is much
larger than the electric field:

=il Eg

Will this mean that the energy density is dominated by the energy in the
magnetic part of the field?
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Both type of fields still give the same contribution to the energy density. Note
that we have here included the energy stored in the conduction band electrons.
If we had not, the dielectric function appearing in the first term would have
been the one without the tilde, i.e., the one without contributions from the
conduction-band electrons. It is all a matter of book keeping. In the text book
one has chosen not to include this energy contribution in the energy density of
the field and hence find that the magnetic part dominates in a metal at low
frequencies. They have a different definition of the D vector than we have
here.
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